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Non-uniqueness in the Cauchy problems for semilinear
heat equations with singular initial data
(Y\={u}ki Naito)
Cauchy :
(1) $w_{t}=\Delta w+w^{p}$ i$\mathrm{n}$ $\mathrm{R}^{N}\cross(0, \infty)$ ,
(2) $w(x,0)=\lambda a(x/|x|)|x|^{-2/(p-1)}$ in $\mathrm{R}^{N}\backslash \{0\}$ ,
$N\geq 2,$ $p>(N+2)/N,$ $a$ : $S^{N-1}arrow \mathrm{R},$ $a\in L^{\infty}(S^{N-1}),$ $a\geq 0,$ $a\not\equiv \mathrm{O}$ $\lambda>0$ [g’
.
(1)
$w(x, t)\succ*w_{\mu}(x, t)=\mu^{2/(p-1)}w(\mu x, \mu^{2}t)$ , $\mu>0$ ,
.
(3) $w(x, t)\equiv\mu^{2/(p-1)}w(\mu x, \mu^{2}t)$ for all $\mu>0$
(self-similar solufion) . $w(x, t)$ $w(x, 0)=A(x)$
$w(x, \mathrm{O})=w_{\mu}(x, 0)$
$A(x)=\mu^{2/(p-1)}A(\mu x)$ for all $\mu>0$ .
$\mu=1/|x|$ $A(x)=A(x/|x|)|x|^{-2/(p-1)}$ . (2) &2
.
(1) $p\leq(N+2)/N$ $\mathrm{R}^{N}\cross(0, \infty)$
$\mathrm{A}\mathrm{a}$
Fujita [3] . $w(x, \mathrm{O})=A(x),$ $A\in L^{q}(\mathrm{R}^{N})$
Weissler [8] $q\geq N(p-1)/2$ :
$q=N(p-1)/2$ $||A||_{L^{q}(\mathrm{R}^{N})}$ \leq \leq
. Haraux-Weissler [5] $q<N(p-1)/2$
$p<(N+2)/(N-2)$
$wo(x,t)>0$ for $t>0$ and $||w_{0}(\cdot, t)||_{L^{q}(\mathrm{R}^{N})}arrow 0$ as $tarrow \mathrm{O}$
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$w_{0}\in C([0, \infty);L^{q}(\mathrm{R}^{N}))$ . Cauchy
(4) $\{$
$w_{t}=\Delta w+w^{p}$ in $\mathrm{R}^{N}\mathrm{x}(0, \infty)$
$w(x, 0)=0$ in $\mathrm{R}^{N}$
$C([0, \infty);L^{q}(\mathrm{R}^{N}))$ .
Cauchy (1)$-(2)_{\lambda}$ Kozono-Yamaz&$\cdot$ [6], Cazenave-Weiaeler[1] $\lambda>0$
.
Galaktionov-Vazquez [4]
$w(x, 0)=c_{s}|x|^{-2/(p-1)}$ in $\mathrm{R}^{N}\backslash \{0\}$ , $c_{s}=[ \frac{2}{p-1}(N-2-\frac{2}{p-1})]^{1/(p-1)}$ ,
. $U_{s}(x)=c_{l}|x|^{2/[p-1)}$
$U_{s}(x)$ [ $p>N/(N-2)$ [
$\Delta u+u^{p}=0$ in $\mathrm{R}^{N}\backslash \{0\}$
. (2) $a\equiv 1,$ $\lambda=c_{s}$ $N/(N-2)<p<p_{u}$





$\infty$ , $3\leq N\leq 10$ ,
$1+ \frac{4}{N-4-2\sqrt{N-1}}$ , $N\geq 11$ .
[ (2) $a\equiv 1,0<\lambda\leq c_{s}$ $N/(N-2)<p\leq(N+2)/(N-2)$




(6) $\Delta u+\frac{1}{2}x\cdot\nabla u+\frac{1}{p-1}u+u^{p}=0$ i$\mathrm{n}$ $\mathrm{R}^{N}$ .
$w$ (2) (5)




. $( \rho\nabla u)+\rho(\frac{1}{p-1}u+u^{p})=0$
. EscobedO-Kavian [2]
$I(u)= \int_{\mathrm{R}^{N}}(\frac{1}{2}|\nabla u|^{22}-\frac{1}{2(p-1)}u^{r}-\frac{1}{p+1}.u^{p+1})\rho dx$
Sobolev
$H_{\rho}^{1}(\mathrm{R}^{N})=\{u\in H^{1}(\mathrm{R}^{N})$ : $\int_{\mathrm{R}^{N}}(|\nabla u|^{2}+u^{2})\rho dx<\infty\}$




$w_{0}$ [5] (4) .
(6) $-(7)_{\lambda}$ $u$ $u\in C^{2}(\mathrm{R}^{N})$ .
1. $\overline{\lambda}>0$ :
(i) $0<\lambda<\overline{\lambda}$ (6) $-(7)_{\lambda}$ $\underline{u}_{\lambda}$ . $x\in \mathrm{R}^{N}$ $\underline{u}_{\lambda}$ $\lambda$
$||\underline{u}_{\lambda}||_{L^{\infty}(\mathrm{R}^{N})}=O(\lambda)$ as $\lambdaarrow 0$ ;
(ii) $\lambda>\overline{\lambda}$ (6) $-(7)_{\lambda}$ ;
(iii) $p<(N+2)/(N-2)$ $a\equiv 1$ (6) $-(7)_{\lambda}$ $\lambda=\overline{\lambda}$ .
2. $p<(N+2)/(N-2)$ . $0<\lambda<\overline{\lambda}$ (6) $-(7)_{\lambda}$ -u\lambda $>\underline{u}_{\lambda}$
$\overline{u}_{\lambda}$ . $\overline{u}_{\lambda}-\underline{u}_{\lambda}\in H_{\rho}^{1}(\mathrm{R}^{N})$
$\overline{u}\lambda(x)-\underline{u}_{\lambda}(x)=O(e^{-|x|^{2}/4})$ $\ovalbox{\tt\small REJECT}|x|arrow 0\ovalbox{\tt\small REJECT}$
. :
$\overline{u}_{\lambda}-\underline{u}_{\lambda}arrow u_{0}$ in $H_{\rho}^{1}(\mathrm{R}^{N})\cap C^{1}(\mathrm{R}^{N})$ as $\lambdaarrow 0$ ,
.$u0$ $H_{\rho}^{1}(\mathrm{R}^{N})$ (6) ( ) . .
$\overline{u}\lambdaarrow u0$ in $L^{\infty}(\mathrm{R}^{N})\cap C_{1\mathrm{o}\mathrm{c}}^{2}(\mathrm{R}^{N})$ as $\lambdaarrow 0$
.
153
:. Cauchy (1)$-(2)_{\lambda}$ $P<(N+2)/(N-2)$ $\overline{\lambda}>0$
:
(i) $0<\lambda<\overline{\lambda}$ (1) $-(2)_{\lambda}$ –$w\lambda(x, t)>\underline{w}_{\lambda}(x,t)$ $\overline{w}\lambda,$ $\underline{w}_{\lambda}$ .
(ii) $\lambda>\overline{\lambda}$ (1)$-(2)_{\lambda}$ :
(iii) $a\equiv 1$ (1) $-(2)_{\lambda}$ $\lambda=\overline{\lambda}$ .
(iv) $t>0$ :
$.||\underline{w}_{\lambda}(\cdot,t)||_{L^{\infty^{r}}(\mathrm{R}^{N})}=O(\lambda)$ as $\lambdaarrow 0$ ;
$||\overline{w}_{\lambda}(\cdot,t)-w_{0}(\cdot, t)||_{L\infty(\mathrm{R}^{N})}arrow 0$ as $\lambdaarrow 0$,
$w_{0}$ [5] (4) .
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